Highlights
∂ t u + u · ∇u = −∇p + ∇ · σ ρ f + ∇p 0 (1) 126 ∇ · u = 0(2)
A C C E P T E D M A N U S C R I P T
where σ is the total stress, ρ f is the density of the fluid, ∂ t indicates a partial derivative with 127 respect to time, ∇p 0 has a constant component in the streamwise direction, which represents a 
133
The Oldroyd-B model is applied for the validation of the proposed numerical method in this paper.
where η p is the polymer contribution to the viscosity, λ is the relaxation time of the viscoelastic 134 fluid. 
Numerical schemes 136

Momentum equation 137
The momentum equation is discretised with a co-located grid finite volume method in Euler scheme. Eqn. 4 describes the temporal discretisation scheme.
where C is the convection operator that C[u] = u · ∇u, and the superscript is an indicator of time 146 step.
147
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Pressure equation
148
For clarity, we reformulate the discretised momentum equation (Eqn. 4) in the following form:
where a P is the diagonal coefficient of the linear equations, H P is a combination of the implicit 151 off-diagonal terms, the source terms and the explicit terms excluding the kinematic pressure terms.
152
The superscript of the pressure term ∇p field is the same as in [44] .
The discretisation of the momentum equation and the Poisson equation on a co-located grid is 160 vulnerable to nonphysical numerical oscillations (chequer-board effect), when a central difference 161 scheme is used. This is due to the decoupling of velocity and pressure on odd and even grid. Chow interpolation [45] 
where vecn is the surface normal, S f is the vector area of the surface, u * f is the surface intermediate 
171
Considering a face centre e connecting two adjacent grid cells P and E in a uniform grid, the 
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Oldroyd-B constitutive equation
183
The Oldroyd-B constitutive equation is solved based on the prediction of velocity at the end of each time iteration. All terms on the l.h.s of Eqn. 3 are discretised implicitly while the terms on the r.h.s are computed explicitly. 
The convective term is discretised with the MINMOD scheme for stability reasons. [46] found the
184
MINMOD scheme was about order 1.8 ∼ 1.9 accurate with an investigation of the drag coefficient at the cylinder wall. However, we have found that directly solving the constitutive equation at 208 the cylinder wall causes strong non-physical oscillations and quickly lead to divergence, which was 209 also reported in [47] . Linear extrapolation and Neumann boundary condition for the extra stress 210 on the cylinder wall are therefore considered in our simulations. 
Velocity field
212
The velocity of an immersed boundary is either pre-specified or solved in a system that couples system of equations,
Figure 2 illustrates candidate cells used for solving coefficients of a linear function. Specifically,
221
for the forcing cell centred at A, the connection OA between the cylinder centre and the cell- 2 × 2 stencil, it is guaranteed that there are either two or three normal fluid cells in the stencil.
227
When three normal fluid cells (two nearest neighbours and one diagonal neighbour) are in the 228 stencil, the two nearest neighbours and the point on the boundary makes a more compact stencil. 
The local reconstruction with a bi-linear function is much different from that with a linear 234 function. A fitting function of an image point, instead of a forcing-cell centre, is constructed.
235
Consider a forcing-cell with centre A (see Figure 3) , firstly the intersection point C between OA 236 and the cylinder circumference is calculated. An image point I which satisfies CA = AI is obtained.
237
The nearest 2×2 stencil of the image point can then be determined. Since the image point is further according to the mid-point rule as follows,
The mid-point interpolation introduces a second-order error O(∆l 
Consider a forcing cell with cell-centre at A, as shown in Figure 4 , by slightly extending the vector 
Pressure field
267
Neumann boundary condition is applied for the pressure. The pressure gradient along the 268 surface normal direction is derived from the momentum equation, written as,
where n = (n x , n y ) is the surface normal, 
The coefficients of the fitting function can be obtained by solving:
Using bi-linear fitting functions for the pressure:
Similarly, using quadratic fitting functions for the pressure:
278 dp dn
The same method for selecting candidate cells in the reconstruction of velocity can also be applied 279 in the reconstruction of the pressure. 
The value of extra stress on the boundary is required for the discretisation of the convective term ∇σ p , and additionally for computing the divergence term ∇ · σ p in the momentum equation. When the boundary is stationary (u = 0), the convective term vanishes. As a result, the extra stress is only a function of the strain rate tensor. Theoretically the extra stress can be solved in the absence of boundary conditions. Using the backward Euler scheme, the constitutive equation is given by :
where the left hand side includes all the implicit terms of the extra stress.
282
The extra stress on the particle wall can therefore be used for reconstructing the extra stress at 283 forcing/ghost cells. Solving the constitutive equation at the wall was suggested by Oliveira et al.
284
[47] for simulating viscoelastic fluid flow with the finite volume on a body-fitted mesh. However,
285
the solution relies highly on the prediction of the strain rate tensor. Our simulation results show 286 that the strain rate tensor on the cylinder wall predicted using a Cartesian mesh method has 287 non-physical oscillations. These oscillations quickly lead to the divergence of simulations.
288
Neumann boundary condition. Neumann boundary condition ∇σ p · n = 0, where n is the surface 289 normal, can be applied for the extra stress on the surface. The error of applying the Neumann 290 boundary condition is similar to that of the upwind interpolation scheme, where a first-order 291 error is presented. Considering the Taylor series expansion for a stress component σ p,xx in 1D: 
297
Although the Neumann boundary condition is first-order accurate, it is highly stable. reconstruction at forcing cells, and an iterative loop which encompasses the previous two steps.
327
The velocity u, pressure p, and extra stress σ p at forcing cells are initialized with the value from 328 the previous time step in the first iteration. Additionally, the velocity at face-centres is required in
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A N U S C R I P T stress are fixed to 2, 3 and 2 respectively for the simulation in this work, unless otherwise specified.
343
More iterations are found to have negligible influence on the steady state solution. calculate the stress and pressure on Lagrangian points. For instance, the total force on a cylinder 349 can be evaluated by
The distance between neighbouring Lagrangian points is usually the same as the Cartesian grid 351 spacing in the vicinity of the sharp interface. result on the 600×600 mesh is mapped to coarse meshes with a second-order interpolation scheme.
367
The error of the flow field from the simulation can be quantitatively evaluated by and L 2 represent the error in the entire computational domain. The steady state is investigated.
371
The order of convergence is tested with different reconstruction schemes for the pressure and the both the velocity and the pressure. Figure 9 illustrates the normalised error of velocity components 376 when using different reconstruction schemes.
377
When linear fitting functions are used for reconstructing the velocity and the pressure at forcing However, the measured order of accuracy is slightly lower than that with the QuLp scheme, but 386 also close to third-order.
387
Significant improvement of accuracy with quadratic fitting functions can also be observed in the for the velocity, even with the finest mesh, there are still strong wiggles near peak points of (∇u) xx .
398
Similar wiggles exist near peak points of (∇u) yx , but are much less significant. In comparison, 399 using a quadratic fitting function for the velocity, profiles of (∇u) xx and (∇u) yx become smoother in computing the drag force, which is consistent with our previous convergence tests for ∇u.
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424
For a higher Reynolds number flow, one characteristic phenomenon is the periodical generation 425 of a Karman vortex street, subjected to a small perturbation. A comparison of lift coefficient
, and the Strouhal number
where f s is the shedding frequency of the Karman vortex, are shown in Table 3 for Re = 100 when 428 the frequency of the vortex becomes steady. 
450
We previously showed that the velocity is above second-order accurate with L ∞ when quadratic 
479
A comparison study between our simulation result and that in [46] demonstrates the accuracy where ∆r is the grid spacing in the radial direction, and ∆s is the grid spacing in the tangential 496 direction. They have showed that the prediction of drag coefficient is much more sensitive to ∆r 497 [46] . A recent study of this benchmark case with full-domain meshes that are similar to [46] has 498 been carried out on OpenFOAM [58] .
499
The drag coefficient is defined as force.
506 Table 4 shows the drag coefficient at steady state. The value in the bracket is an indicator steps. Notice that the maximum amplitude of fluctuations is below 0.2% in Table 4 .
515
When Neumann boundary conditions are applied for the extra stress on the surface, the drag the value in the bracket indicates the amplitude of oscillation due to numerical instability; 2 * indicates using linear extrapolation for the stress at forcing cells; 3 − represents untested. 
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A N U S C R I P T Table 4 ). Figure 15 demonstrates the accuracy of the solver LuLp and QuQp with the predicted 519 drag coefficients in comparison with the result from Alves et al. [46] . The mean value is plotted 
524
The increasing of W i expands the area where the velocity of a channel flow is influenced.
525
Additionally, the extra stress around the cylinder is investigated for further verification. Figure 18 shows the maximum σ p,xx predicted with the QuQp scheme. σ p,xx are 536 consistent with that reported in [46] with M120, which has a grid spacing of D/800 in the radial 537 direction.
538
The mesh-dependency of the extra stress on the boundary is attenuated by using linear Figure 20 . The stress at the rear was reported to 544 be unbounded [46] . Similar to the results observed by Alves et al. [46] , the stress profile at the wake between the two cylinders, while the effect of different Weissenberg number is not obvious.
562 Table 5 shows the drag coefficients on the two cylinders with separation of R/2 and R respectively. 
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Efficiency
620
The efficiency of a numerical solver is significantly important when the solver is extended 
